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A method is p resen ted  for  computing the t e m p e r a t u r e  change based on the exact  solution of 
the heat conduction equation under the assumpt ion of the Newton cooling law. The t e m p e r a -  
lure  of the ambient  medium is he re  approximated  by a p t ecewise - l i nea r  function of the t ime.  

The heating or  cooling of bodies subjected to a t ime-dependent  t e m p e r a t u r e  of the ambient  medium 
occurs  quite often in p rac t ice .  It is interest ing to find the t e m p e r a t u r e  distr ibution for  these cases .  

If it is a s sumed  that the body is heated (cooled) in a furnace,  then the t e m p e r a t u r e  in the combustion 
chamber  will be  taken as the t e m p e r a t u r e  of the ambient  medium. However,  it is imposs ib le  to give an 
analyt ical  express ion  for  the t e m p e r a t u r e  in the combust ion chamber  of any furnace since a la rge  number  
of p a r a m e t e r s  (such as the power  used, the specif ic  heat of the heat loss,  as well  as the s ta te  of the regu la -  
tor ,  for  example) affect  the t e m p e r a t u r e  cha rac t e r i s t i c .  Hence, the single reasonab le  method of giving the 
t ime dependence of the t e m p e r a t u r e  in p rac t i ce  is the analytical  approximat ion of empi r i ca l  data. The ap- 
proximat ion  of the t e m p e r a t u r e - t i m e  function by means of a p i ecewise - l i nea r  function turns out to be e s -  
pec ia l ly  s imple .  Such a f o r m  pe rm i t s  achievement  of any accuracy ,  as well as being convenient for  math-  
emat ic  al p roce s s  ing. 

A curve  of furnace heating approximated  by the inscr ibed polygonal line is shown in Fig. 1. 

It is e a sy  to see  that the heating t empe ra tu r e  ,~m(t) for  the t ime interval  t m <_ t _< tm+ 1 has the f o r m  
m - - 1  

t~,~(t) = Pint +~.~ (P,~-- P.+l)t.+ 1 + QI. (1) 
t t ~ l  

If any homogeneous and isotropic  body with su r face  A on which natural  heat exchange occurs  in con- 
for tui ty  with the Newton cooling law is considered,  then the t e m p e r a t u r e  ~(P, t) at the point P within the 
body is de te rmined  up to the t ime t by the solution of the boundary-va lue  p rob l em 

D {t~ (P, t)} 0 e (P, t) a At~ (P, t) = 0, ~ (P, 0) = t% = const, 
Ot 

(2) 
L{~(P, t ) } = [ @ .  O~(P,On t) +{~(p, t)]A=q)(t) ,  t > 0 .  

The function q)(t) is the t ime -va ry ing  t empe ra tu r e  of the ambient  medium, and it will henceforth be 
replaced by the functions din(t) in conformi ty  with (1). 

By using the express ion  

(P, l) = e0 (P, t) + ~ (P, t) (3) 

we obtain f r o m  the s y s t e m  (2) for  the function d0(P , t) 

D {t~ o (P, t)} = 0, t~ 0 (P, 0) = t~a; (4) 

L{qo(P, t )}=0,  t > 0  
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Fig. I.  Furnace  heating curve.  

and for  the function all(P, t) 

D {8~ (P, t)} = 0, 8~(P, 0 )=  0; 
(5) 

L {~ (P, t)} = qD it). 

The solution of the homogeneous problem (4) is standard 
and has the fo rm 

8 o (P, t) = s A,u~ (P) exp (-- a ~r (6) 
.v_--i 

where  uv(P ) is the complete sys tem of eigenfuncttons 
with corresponding etgenvalues 6v. F r o m  the initial 
condition we obtain the relat ionship 

5~ = s A~u~ (P), (7) 

f rom which the Four i e r  coefficients are  determined 

A.~ = 8o fu~(p)dV. is) 

We find the solution of the inhomogeneous problem (5) f rom [1] by using the Duhamel theorem 
t 

0 

where ,52(P , t) is the solution of the inhomogeneous problem 

D {~ (P, t)} = 0, #~ (P, 0) = 0; 

L O-.(P, t)} = 1, t > o. 

By means of the substitution 

(9) 

(10) 

% (p, t) --- 8 , (p ,  t) - 1 

it can be reduced to the homogeneous problem 

D{Sa(P, t )}=0,  8a(P, 0)=--1 ,  

L {8~ (p, t)} = 0, t > 0, 

whose solution is a l ready known. Using (6)-(8), we obtain 

~ (P, t) = 1 - -  ~2 ~l~u~ (P) exp (-- a 8~t), 
V ~ I  

and 

(11) 

(12) 

(13) 

(14) 

7% = Su~ (p) de. (15) 
k 

Substituting (9) into (13) we find 
t m t 

81(P, 0 =  J" ~(~) Z L.~ (P)6:aoxp ( - - .~ ( , - -  ~))d~ = ~: a..~(p)~ ~(~)aS~oxp(-- a~(t--  ~))a~. (16) 
0 ~ = 1  %'=1 0 

An express ion for the ambient t empera tu re  varying along the polygonal line is introduced into this 
equation as the tempera ture  of the ambient medium as a function of the time ~0(t). Since (1) is valid only 
for the t ime interval,  it is nece s sa ry  to separa te  the integral in (16) also in eonformt W with the domains 
of the intervals .  We obtain 

t2 t ,  

e,(p, t)= ~ ~,u,(p)iS 8,(z)a~:~xp ( -  a 8:it-  x))ax + ,f 8,(x)as~xp ( -  o 6: i t -  z)),~ 
~ 0 t~ 

t 

+ S 8m (k)att~ exp (-- a 81 (t - -  Z)) a L]. (17) 
t m 
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Using (1), we find fo r  the integrand 

th'+l 2 

t k 

k--I 

= P~, ~ + (P,~--P,~_Ot,~+t+Ol exp(a&~%)] exp (--a6~t). 
a 5~ j ~=t A 

If the integral  is de termined,  then we obtain for  (17) 

"r rt~l 

_~ m - -  l 

w=l n=l 

for  the domain t m _< t _< tm+ 1. 

if (1) and (14) a re  used for  the f i r s t  express ion  in the r ight  side,  then we obtain 
o~ m - -  I 

a6~ 

+ t ~ - -  _--ZTV~21 exp(--aSvt) q- 
nov / aSv J 

(18) 

(19) 

(20) 

fo r  the t ime interval  t m _< t _< tm+ 1. 

We there fore  find the genera l  solution for  the heat  conduction equation for  the case  when the t e m p e r a -  
ture  of the ambient  medium vary ing  according to the polygonal line is given on the su r face  A. In confor -  
mi ty  with (3) and the solutions (6) and (20), and also because  of the re la t ionship  A v = ~a" Av which follows 
f r o m  (8) and (15), we obtain 

if(P, t) : ff.~ (t) -- ~ V  .4~uv (P) { E (P~--P'~+l)exp(aS~(t'~+l--t))aS~ 
~=l n : l  

+ Q1 + ~,~ P1 exp (--  a ~  t) + a 5v a52 (21) 

for  the t ime interval  t m <_ t <_ tm+ 1. 

P a r t i c u l a r  solutions for  s epa ra t e  body shapes  can be obtained f r o m  the genera l  solution (21) and a re  
dist inguished only by different  eigenvalues which can be found in the l i t e ra tu re .  

The diff icult ies which can or iginate  in solving mult id imensional  p rob l ems  can eas i ly  be el iminated 
s ince,  in conformi ty  with (4) or  (12), we obtain the mul t id imensional  solution in the f o r m  of the product  of 
one-d imens iona l  solutions for  appropr ia te  individual coordinate  di rect ions  for  the homogeneous p rob lem.  

Using one-d imens iona l  solutions for  plates  with d ive rse  h e a t - t r a n s f e r  coeff icients  [2] on both bound- 
a ry  su r f aces ,  we obtain the following solution for  a r ec tangu la r  para l le lep iped:  

m--1 s ~ 

~(xl, ..., x3, O=P.~t+ ~(e~-P~162 2~74~1 
n=l f i l l  12=1 i3=1 

i v = 3  

m--t 

+ E  (P~--P,~+l)exp(aE(t~+a--t))aE + ( Q l + ~ - - ~ E ) e x p ( - - a E t ) }  (22) 

t Z ~  l 

for  t m _< t, where  I v is the length of an edge of the rec tangu la r  para i le lepiped,  hlv is the re la t ive  h e a t - t r a n s -  
f e r  coeff icient  X/c~ on the su r face  x v = 1; h0v is the re la t ive  h e a t - t r a n s f e r  coefficient  X/o~ on the sur face  
Xp = 0; 
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E = (~, + k~ + ki3); (2a) 

(24) 

and kiv is given by the eigenvalue equation 

cot(k,r = 1 / (h0r162 I (2s) 
ho~ + hzv | l v (k~lv) J 

Using the solutions for  a plate  and an infinite cyl inder  f r o m  [1], we obtain the following solution for  a 
solid infinite cyl inder  by the s a m e  method: 

(r, z, t) = P~t + n=lX (P~t - -  Pn+l)t~+l + q l  - -  ,=l ]=l A' "~j l [ ~'h0 cos (~,z) + sin (~iz) Zo t" aE1 

m-i 
+ Z ( P n - - P n + z ) e x p ( a E l ( t n + z - - t ) ) . ( Q l + ~ a _ ~ ) e x p ( _ a E l t ) } a E z  (26, 

n=l 
for  t m ~ t, where  I is the height of the cyl inder ,  R is the cyl inder  radius ,  h R is the re la t ive  h e a t - t r a n s f e r  
coefficient  A/a on the su r face  r = R, h 0 is the re la t ive  h e a t - t r a n s f e r  coefficient  k/a on the sur face  z = 0, 
h l is the re la t ive  h e a t - t r a n s f e r  coeff icient  X/o~ on the su r face  z = 1, 

E 1 = (k~ --~ (CflR)2); (27) 

.~j= 2 [ (c , .  ?l  " (2s) 
cflj(cj) 1 + \ Rh~ ! J 

~-i is analogous to (24) and k i and cj f r o m  the equations for  the eigenvalues 

1 { ( k , l ) ( h o l ) ( h , l ) }  (29) 
cot(lhl )=  ho + h-- z - t (k,l) ' 

Jo(cl) = cj (30) ., 
J~ (c j) RhR 

The numer ica l  solution for  a solid cyl inder  can be obtained by using an e lect ronic  computer .  
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